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TIPH BCeBO3MOXKHBIX ¢. OHAKO CYIIeCTBYeT TaKxKe HHCTPYKIHS BHUAA
(a,1) — (c,i) nnsa HekoToporo c. Ho oHa He MOXeT CyIiecTBOBaTb
BMeCTe ¢ MHCTPYKUHeH (c,i) — (a,1); mpoTHBOpeUHe.
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psem uncmpykyuu (a,i) — (b,7), ecid B Hed Ha i-M U j-M Me-
CTax Je)aT KapThl 11BeTOB a WU b COOTBETCTBEHHO. Torja KaxKIoH
MHCTPYKIHH YIOBJIeTBOpsieT poBHO k"2 packmamok. C Apyroi cro-
POHBI, ecsi (HOKyC rapaHTHPOBAHHO YHAETCsl, TO KaXKaasi BO3MOXKHas
packJagka yIOBJETBOPSET XOTsS Obl ONHOW HMHCTPYKIHUH — TOH, KO-
TOPYIO MPUMEHAT MOMOLIHUK C (DOKYCHUKOM. 3HA4YMT, 00llee YHCJIO
pACKJaJ0K He MOXKeT MPeBOCXOmHTb kn - k"2, 1o ectb k" < k" In,
otkyna k < n. 3HauuT. K = n, U HepaBeHCTBO BhIllle oOpaliaeTcs B
paBeHCTBO. DTO 3HAUUT, YTO KaKaask PACKJIaLKa yIOBJIETBOPSIET pO8-
HO OIHOH HHCTPYKLHH, H C KaxAOH napsl (a,i) HauMHAETCs POBHO
OJlHa UHCTPYKLHUS.

PaccmoTpuM MpoU3BOJIBHYIO HHCTPYKUHIO (a,i) — (b,7); Toraa
ecTb U HHcTpykuus Buaa (b, j) — (¢, k). [TockosbKy He cyliecTByeT
pacKJafKH, YHOBJIETBOPSIOLIEH 00€UM HHCTPYKLHSM, NOJKHBI Bbl-
TIOJTHATBCS YCJOBUSA ¢ = k U a # c.

C npyro# CTOpPOHBI, [Jis1 JIOOBIX ABYX UHCTPYKLUHH (a,1) — (b, j)
u (¢, k) — (d,?) cpenrt HOMepoOB i, j, k, ¢ HOJXKHBI OBITH COBMAAA-
I[1e — MHa4e OMNSIThb K& CYIIEeCTBYeT PAcKJajiKa, yIOBJETBOPSIONIAs
o6enM HHCTpPyKUHAM. PaccMoTpum rpad c BepwimHamu 1,2,... .k, B
KOTOPOM i ¥ j COeIHHEeHbl PeOGpoM [i, j|, €C/u CylIecTByeT HHCTPYK-
uusi Buna (a,i) — (b, ) (00 HOKa3aHHOMY BBILlIE, CYIIECTBYET TAKKe
u unctpykuus suna (b, j) — (a’,4)). Torna JoGble 1Ba pe6pa B 3TOM
rpage MMeIOT O0LLYI0 BEPLIMHY, U U3 KaKI0H BepLIHHbI BEIXOIHUT XO-
Ts1 661 ogHO pebpo. Ilyets mast onpenenénnocty [1,2] — pe6po storo
rpacga. M3 BepiinHel 3 BEIXOAUT pebpo, HMelollee 00ILYI0 BEPLIMHY C
nepBbIM — MYCTh IJ151 onpenenéHHoctu 37o [1,3]. Torna sno6oe pedpo
U3 BepIIUHbl k > 3 00si3aHO uMeThb BUJ [1, k|, 4ToOBI MMeTb 0OlIHe
BepLIMHBI ¢ Kax/AbM 13 pébep [1,2] u [1,3]. Hakoner, s060e pe6po
BOOOLIe N0/IKHO UMeTh OOIIYI0 BEPILIMHY C KaXKIbIM U3 pébep [1, 2],
[1,3] u [1,4], To ecTh DO/MKHO comep:KaTh BepuinHy 1. Mrak, B Kax-
JIOW MHCTPYKLMH ONHMH U3 HOMEPOB MeCT paBeH 1.

HakoHel, comoctaBUM Ka)KIOMy MecTy ¢ > 1 Bce TaKue LiBe-
Ta a, 4TO CYLIECTBYeT HMHCTPyKuus Buma (c,i) — (a,1). M3 cka-
3aHHOTO BBIIIE CJIEYeT, YTO PA3HbIM MeCTaM He MOXKeT OBITb CO-
MOCTaBJeH OfMH U TOT ke 1BeT. [IocKOJbKY Takux Mect k — 1, a
uBetoB k < 2(k — 1), KAKOMY-TO MeCTY ¢ COMOCTABJIEH TOJNBKO OfHH
LIBET a, TO €CTh HUMeITCs BCe k MHCTPYKUME Buna (c,i) — (a,1)
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Y CJIOBUS U PEMIEHUS 3AJAU

9 kJaacc

B crpaHe HekoTOpble Mapbl TOPOAOB COENMHEHBl OTHOCTOPOHHUMH
NpsIMBIMH aBHapelicaMu (MeXnay J0OBIMH ABYMsSI TOPOIAaMH €CTb He
6osiee onHoro peiica). CkaxeM, 4To ropon A docmyner IJsi TOPO-
na B, eciu u3 B M0OXHO poseTeTb B A, BO3MOXHO, C Mepecagka-
mu. M3BecTHO, 4TO OJ1s1 JIOOBIX ABYX ropoioB P u () cyliecTByer
ropon R, njisi Kotoporo U P, u () noctynHel. [lokaxuTe, uTo cylle-
CTBYET TOpPOJ, IJisi KOTOPOrO AOCTYTHBI Bce ropona crpasel. (Cuuta-
eTCsl, UTO M3 TrOpofia MOXKHO JIOJIETETh 0 HEro caMoro.) (B. Joastukos)

IlepBoe pemenwme. [lepeHymepyeM Bce ropoma CTpaHbl Kak
Ay, As, ..., Ap. Tlo ycioBuio, cyliecTByeT ropoa B, 1js KOTOpO-
ro poctymnHsl ropoga A; u As. Ilanee, ropona A3 U Bg HNOCTYMHBI
NI Kakoro-To ropofa Bs. [lockonbky K3 By MOXXHO n00paThcs 0
A1 u Ao, oHM Takxke moctynHbl a5 Bs. [Ipomomxas Takue ke pac-
CYKJIeHHUS, MBI MOJYUYHM B KOHIE, UTO CYIIECTBYeT ropon By, Lis
KOTOPOTO JOCTYNHH ropona A, u Bj_1. Torna nns B, OynyT mo-
CTYNHH W ropoga Aj, As,..., Ay _1, Tak Kak 0 HUX MOXKHO J0Jie-
TeTh C Tepecajkodl B B, 1.

Bropoe pemenue. Paccmotpum ropon A, 1/ KOTOPOTO AOCTYII-
HO HauboJiblllee KOJMYECTBO FOPOMOB (€CTH TaKHX HECKOJbKO — JIH0-
6oi1 3 HUx). [IpeamosoxkuM, UTO HEKOTOPBIH ropox B HemoCTyIeH
51 A. Torna mo ycjoBuio cyuiecTByeT ropon C', IJisi KOTOPOro U A,
u B nocrynusl. Ho torna mas C' moctynHBl B, a Takxke BCe Topoaa,
nocTynHble A A. DTo mpoTHBOpPeuduT BbIOOpPY A; 3HauuT, nas A
NOCTYTIHBI BCE TOPOJA.
Jlana paBHoGokasi Tpaneuuss ABCD c ocHoBanusimu BC u AD.
OKpYKHOCTb w MPOXOAUT 4epe3d BeplinHbl B u C' U BTOPUUHO Ie-
pecekaet cTopoHy AB u nuaroHaib BD B Toukax X u Y COOTBeT-
cTBeHHO. KacaresnbHasi, IpoBeieHHAss K OKPYXKHOCTH w B Touke C,
nepecekaeT jay4 AD B Touke Z. Jlokaxkute, uto Toukd X, Y u Z
JiexKaT Ha OJHOW NPSIMOH. (A. Kysneuyo8)

Pemenmne. [lockonbky BC || AD, a mpsamas ZC Kacaercs
OKPYKHOCTH w, uMeeM LADB = /Y BC = ZYCZ. Cnepopare/b-
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Ho, LY DZ + £2YCZ = 180°, 1o ecTb ueTbipéxyronbiuk CY DZ —
BIMHUCaHHBIA (cM. puc. 1).

3nauur, LCYZ = /CDZ =
= /XBC = 180° — ZCY X,
noc/jegHUe [ABa paBEHCTBA CJeNy-
I0T U3 Toro, yto Tpaneuuss ABC'D
paBHOOOKAs, a 4YeThIPEXYTOJbHUK
XBCY BnucaH B w. Takum obpa-
3oM, ZCYZ + ZCY X = 180°, mo-
atoMy Toukd X, Y u Z nexar Ha
OIHOH TIPSIMOH.

Cro rHoMOB, Beca KOTOpPHIX paBHHl 1, 2, 3, ..., 100 ¢dyHTOB, cobpa-
JIMCh Ha JieBoM Oepery peku. [InaBaTh OHM He yMEIOT, HO HA 3TOM Ke
Gepery HaxonuTcs rpe6Has jonka rpysonoabeMHocTbio 100 dyHTOB.
M3-3a TeueHus mabTb 006paTHO TPYAHO, MO3TOMY y KaxAOT0 'HOMa
XBaTUT CHUJI TPECTH C MpaBoro Oepera Ha JieBBIH He GoJiee ONHOTO pasa
(rpecTH B JIOfKE NOCTATOUHO JIOOOMY M3 'HOMOB; rpefell B TeyeHHe
OflHOTO pefica He MeHsieTcs1). Moryt Jin Bce THOMBI MepeNpaBUTHCS
Ha rpaBblii Geper? (A. Uanosaros, C. Ycos)

Ortser. Her.

IlepBoe pemenne. [Ipennonoxum, 4To nepernpasa rHomam yaa-
snack. Ha3oBéM pelichl JIOOKH ¢ JieBOro Oepera Ha TMPaBHId NPAMbIMU,
a ¢ TpaBoro Ha JeBbll — obpamubimu. [1ycTh 6b170 k 06paTHBIX pe-
COB; TOT[A NPSIMBIX pekcoB Obl10 k + 1.

B k obpaTHbIX pelicax rpebau k pasHbIX THOMOB; 3HAYUT, CyM-
MapHBbIH Bec I'HOMOB, yq(aCTBOBaBLUHx B 00OpaTHBIX peficax, He MeHb-

k(k+1)

me 14+24...+k= —5 (3mecb W nasiee Bce Beca U3MEPSIOTCS

B (yHTax). Ha mo6om mpsiMom pefice cyMMapHBI Bec THOMOB He

npeBocxoauT 100, Tak 4TO B UTOre CYMMapHBbIA Bec 'HOMOB Ha Je-
k(k+1)
2

BOM Gepery yMmeHblIucs He Gosee, uem Ha 100(k + 1) —

(200 — k)(k + 1)
o 2

14+2+...+100 =

(200 — k)(k+1) > 100-101, wuau (k— 100)(k —99) < 0.
IT0 MOXKeT CJAy4YuThes Julib ecau k = 99 nau k = 100. Ilpu atom

. C 1pyro#l CTOPOHEI, 3TOT BeC yMEeHbLIWJCS Ha

woéA’ 0TKYyZAa
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ro, Kaxkaast U3 10cJ/1e10BaTeIbHOCTEH, OUeBHUAHO, YIOBJIETBOPSET (3).
Ocrasioch 1nokasath, 4To XOTsl Obl OJHA M3 HUX yHOBJETBOPsieT (2).

JIsi 9TOro 3aMeTHM, 4TO TPOM3BeJeHHe BCeX N’ umces BO BCeX
1 MOCJIe0BATebHOCTSX PABHO

o(n=1)+(n=2)+..40 el — (z(n_l)/2a1a2 e an>n

n

CrenoBaTesbHO, IPOK3BeeHHe YUCe XOTs Obl B ONHOH M3 MOCJ/EeM0-
BaresbHOcTel He npesocxomut 2" 1/2g a9 .. ay, uTo U TpeboBa-
JIOCh.

Y (oxkycHMKa U TOMOLIHHMKA €CTb KOJIOAA C KapTaMM; OfHa CTOpPOHA
(«pybairka») y Bcex KapT OIMHAKOBA, a Apyrasi OKpalieHa B OIHWH U3
2017 useroB (B kosome no 1000000 kapt kaxmoro uera). Pokyc-
HUK U MOMOIIIHUK COOUPAIOTCS MOKa3aTh caenyroiui dpokyc. Pokyc-
HUK BBIXOAMT M3 3a/1a, a 3pUTeJIHM BbIKJIAAbIBAIOT HA CTOJ B psif n > 1
KapT pybamkamu BHU3. [IOMOIIHUK CMOTPUT Ha 3TH KapThl, a 3aTeM
BCe, KpOMe OJHOH, IepeBopayuBaeT pyOallKoH BBepX, He MeHss MX
nopsinka. 3aTeM BXOAMUT (POKYCHHK, CMOTPHUT Ha CTOJI, YKa3blBaeT Ha
OJIHY M3 3aKpBITBIX KapT YU HasblBaeT eé 1BeT. [Ipy KakoM HauMeHb-
meM 7 POKYCHHK MOXKeT 3apaHee IOTOBOPHUTHCS C MOMOLIHHKOM TakK,
yT0OB! (DOKYC rapaHTHUPOBAHHO yAAJCS? (4. Boedanos, K. Knon)

OTtBet. n = 2018.

Pemenne. [losoxum k = 2017.

[Ipuy n = k + 1 dokyc ycrpouts Jerko. PoKyCHUK U MOMOILL-
HUK HyMepyloT LBeTa unciamu ot 1 po k. [lomouiHuK, BUAs LBeT
nocnennedt, (k + 1)-i kapThl (MycTh ero HOMep paBeH a), OCTABJSIET
OTKPBITOH a-10 Kapty. POKyCHUK, YBHAEB, Kakas MO HOMepPY KapTa
OTKpBITa, BOCCTAHABJIMBAET LBET MOC/AeIHeH KapThl.

Ocranock mokasatsb, 4yto npu n < k (okyc He ynacres. [Ipenno-
JIO2KUM MPOTHBHOE U PACCMOTPUM BO3MOXKHbIe NeHCTBUS (DOKYCHHKA.
[lycTh, BUIS Ha i-M MecTe KapTy LiBeTa a, OH 0OBSBJSET, UTO HA j-M
MecTe KapTa 1Beta b (Torma i # j); 6yneM Has3blBaTb 3TO UHCMPYK-
yuetl (a,i) — (b, 7). MoxHO cuMTaTh, YTO /A KaxKao# mapsl (a,?)
CYILLECTBYeT TOJNBKO OfHA MHCTPYyKuHus Buma (a,i) — (b,j) (1 ¢o-
KYCHUK TpH BO3MOXKHOCTH BCeria NpUMeHsieT €€ — MOCKOJIbKY HHKa-
KOH MH(OPMaLHH O TOM, KaKyl0 M3 TaKHX HHCTPYKLUHUH TPUMEHSTb,
y Hero HeT). Torna MHCTPYKUMH He GoJiblle, 4yeM kn.

Bynem roBopuTh, YTO HMCXOOHAs pack/aanka KapT ydosiemso-
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CcTell, OMUCAHHBIX OKOJIO Tpeyrosbhuka B'C'T u tpaneuun BCB'C’
COOTBETCTBEHHO.
Ha nmocke BbiMcaHbl B PSifl 1 TTOJIOXKH-
TeJbHBIX 4YHCesa ai, a2, ..., ap. Ba-
Cs1 XOYeT BBHIMKCATh MOJ KaXKIAbIM YHC-
JIOM a; uucyao b; > a; Tak, 4ToObl AJs
JIOObIX NOBYX W3 uuces by,bo, ..., b,
OTHOILIEHWE OTHOTO M3 HHUX K APYro-
My Obl0 HesbM. [lokaxure, uto Ba-
Csl MOXKET BHIIIKCATh TpeOyeMble YHc/a
Tak, YTOOBI BHITOJIHSIIOCH HEPABEHCTBO
biba ... by < 2("_1)/2a1a2 ... Qp.
(D. Ilempos) Puc. 3

Pemenne. Mbl nokaxkeM, 4TO CYIIECTBYIOT HaxKe uuciaa by, bo,
..., by, ynoBJeTBopsioLIKe caeayolIUM (6oJiee CHIbHBIM) YCIOBHSIM:

(1) b; > a; npu Bcex i < n;

(2) byby...by < 2("_1)/2a1a2 ... Qap;

(3) oTHolIeHMe JIOOBIX IBYX M3 UHCeN b; SIBJISETCS CTeNeHbIo
JBOMKH (C LieJIBIM [TOKa3aTeJseM).

3ameTuM, 4TO J0Ka3blBaeMOe YTBEPKIEHHE He U3MEHHUTCS, eCn
KaKoe-TO M3 YHCeJ aj (a ¢ HUM U COOTBETCTBYIOIIEe bj) YMHOXKHTh
Ha HEKOTOPYIO CTeNeHb ABOMKH. YMHOXHM KaKJi0oe M3 4uces aj Ha
CTeneHb MBOWKH TaK, YTOOBI BCE MOJNYUYEHHbIE YHCA JI€XKaJdd B MPO-
MexyTKe [1,2).

He ywmansig obuiHocT# MOXKHO cunTtath, 4To 1 < a1 < a9 <
< ... < ap < 2. Tlokaxkem Temepb, YTO OIHA M3 CJAEAYIOLIUX N
MOCJIeI0BATELHOCTEH YIOBIETBOPSIET BCEM TPEM YCJIOBUSAM:

ay, 2a1, 2a1, 2a1, ..., 2a1, 2ai;
ag, ag, 2&2, 2(12, < 2&2, 2(12;
ag, asz, asz, 2a3, ., 2a3, 2as;

ap—1, Apn—1, An—-1, Ap-—-1,
ana an7 an7 CLTM

-y An—1, 2(177,—1;
., Gn,  Qp.

[TockosbKy st TF0OBIX k U £ BBITIOJTHEHO HEPABEHCTBO 2ay = 2 > ay,
Ka)knass M3 mnocsenoBatesbHOCTell ynosnetBopsier (1). Kpome To-
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HepaBeHCTBO obpalllaeTcsi B PaBEHCTBO; 3TO 3HAUMT, 4TO B k obpat-
HbIX peficax y4yacTBOBaJ/M TOJbKO THOMBI Becamu 1,2,..., kK — Kax-
B [0 ONMHOMY pa3y, a Ha KaxKAOM MpsIMOM pelce CyMMapHbIH Bec
rHoMoB Obls1 paBen 100.

fcHo, uto rHom Becom 100 coBeprian Bce cBOM peichl (OfHH
peiic mpu k = 99 u Tpu nmpu k = 100) B OAMHOYKY; PacCMOTPHM
Tenepb TONBKO OCTAJIbHBIX (06bltHbIX) THOMOB U UX PeHCHl (MX POBHO
99 nmpsambIX U 99 o6paTHBIX B M1060M caydae). B KaxkaoM U3 npsiMbIxX
peficoB yudacTBOBaJO XOTs Obl 2 OOBIYHBIX THOMA; 3HAYUT, obllee
KOJIM4eCcTBO OOBIYHBIX THOMOB Ha MpPaBoM Oepery yBeJHUYHJOCh KaK
MHHUMYM Ha 99 -2 — 99 = 99. 9To HepaBeHCTBO TaKxe oOpallaercs
B PaBEHCTBO, TaK YTO Ha KaXKJOM MPSMOM PeHce yuyacTBOBaJO POBHO
nBa rHoma. Ho torna rHom Beca 50 noJskeH Obla IJIBITH C THOMOM
Beca 50, a BToporo Takoro Het. [IpoTHBOpeuHe.

3ameuanne. Ha nocsenHeMm 1iare pelieHHst MOXKHO J1eHCTBOBATh
" ro-apyromy. Mbl nosyyu/u, 4To BCe THOMBI € BecamH 1, 2, ..., 99
COBEpLUUJIU 110 [Ba MPSMBIX pelca, U Ha KaXAOM U3 HUX CyMMapHbIH
Bec 6bl1 paBeH 100. DTo 3HaAuuT, uTO rHOM Beca 99 oba mpsMBIX
pefica coBepiaj ¢ THOMOM Beca 1, rHom Beca 98 — c rHOMOM Beca 2,
u T.A. Ho Torma rHomy Beca 50 He ¢ KeM OBLIO COBepLIATb CBOU
NpsIMble PEHCHI.

Bropoe pemenune. Mbl Takke npejrnoJaraeM NnpoTHBHOe. Boc-
MOJIb3yeMCsl TEpPMHUHOJIOTUEH, BBEIEHHOU B HauaJie NpeablIyLIero pe-
LIeHHUS.

HazoBém raomoB ¢ Becamu 950, 51, 52, ..., 100 masxcérvinu,
a ocTajbHbIX — Aéekumu. IlycTb TsKE/ble THOMBI ObIHM rpebliaMu
B d oOpaTHbix peiicax. Torma 3Tu d TAKENBIX THOMOB COBEPIIHJH
X0Ts1 Obl MO ABa MPSIMBIX peiica, a ocTajbHble — XOTs OBl 10 OJHOMY.
[TockonbKy nBa TsKEJBIX THOMA He MOIJIM MJBITh OJHOBPEMEHHO,
KOJIMYECTBO MPSIMBIX peHcoB OblI0 He MeHblue, yeM 2d + (51 — d) =
= 51 + d. 3HauuT, 0OpaTHBEIX pelicoB ObIIO He MeHblle, YyeM 50 + d,
TO ecTb X0Ts Obl B 50 M3 HUX rpebuamu ObLIM Jérkue rHOMbl. Ho
JIETKMX THOMOB Bcero 49, Tak 4To OIMH M3 HUX J0JI2KeH OBl 1BaKIbl
rpecTd B 0OpaTHOM pelice, UTO HEBO3MOXKHO.

Cy1iecTByeT /1M Takas 6eCKOHeUHas BOo3pacTalollasl Moc/ef0BaTe/ ] b-
HOCTb a1,a2,0ds,... HATyPaJbHBIX YHCEJ, YTO CyMMa JIOOBIX OBYX
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Pa3JIMUHBIX YJIEHOB TOCJEN0BaTEbHOCTH B3aHMHO MPOCTA C CyMMOH
JIOOBIX TPEX PA3JIMUHBIX UYJEHOB TOCJIEI0BATENBHOCTU? (C. Bepnos)

Orser. [la, cyluiecTByer.

Pemenne. [loctpoum nmpumep Takoél mocsenosatesnbHocTd. [lo-
JOXUM a1 = 1, ag = 7, apt1 = (3ap)! + 1. Ias toro, 4tolsl mo-
Ka3aTb, UTO OHa YIOBJETBOpPsieT TPeOOBAaHUSAM, HaM NPUIETCH 3TH
Tpe6OBaHUS HECKOJNBKO YCHJHUTb. BymeM roBopuTh, uTo mapa (Tpoi-
Ka) YHCeJl XOpoulas, eCii Bce e€ 3JIeMeHThl, OTJUYHbIE OT eIHHMUILHI,
pa3au4Hbl (a2 elMHHIAa MOXKET BCTPETHUTBhCS B HEeH HECKOJbKO pas).
Jokaxkem cienyolee yTBepXKIeHHe, U3 KOTOPOTO OyJeT CJeN0BaTh,
YTO TOCTPOEHHAs I0CJeI0BaTeNbHOCTb — Tpedyemas.

[Tycmo (a;,a;) u (ap,aq,ar) — xopowue napa u mpotixa aie-
mernmos nociedosamesvhocmu. Toeda

HON(a; + aj,ap + ag + ar) = HOM(a; + aj,ap + ag — ar) = 1.

JlokazaTeibCTBO NMPOBENEM WHAYKIHeH 10 HAUOOJbIIEMY UHIEK-
Cy m cpemu 4, j, p, ¢ u r. Eciu m = 1, yTBepKaeHHe TPUBHUAJBHO.
Hns nepexoma mpenmnosioxkum, 4yto m > 1. Hucno a,, JeXUT 1160
TOJILKO B Mape (a;,a;), MO0 TOJNbKO B TpOHKe (ap,agq,ar), JHO0 B
00eux.

Cayuati 1. TlycTb ay, — TOJBKO 3JIEMEHT TNaphbl; CKaXeM, G, =
= a;. Torna, nockonbky 0 < |ap+agEar| < 3apy—1, 4HCn0 ap — 1 =
= (3ay,—1)! meautesa Ha ap + aq £ ar, To ectb HOM(a; + am, ap +
+aq £ ar) = HOO((a; + 1) + (am — 1), ap + aqg £ ar) = HOHd(a; +
+ a1, ap + ag £ ar) = 1 10 NPEANOIONKEHHIO HHAYKLHH.

Cayuail 2. TlycThb ayy — TOJBKO 3JEMEHT TPOUKH; CKAXKEM, Uy =
= aq. Awnasoruuno, a,, — 1 mgeautcs Ha a; + aj, TaK 4To HOH(a; +
+aj,ap + am + ar) = HOH(a; + aj,ap + a1 £ ar) = 1 no npeano-
JIOXKEHUI0 UHIYKLHH.

Cayuaii 3. Tlycth ay, — 3JIeMeHT W Mapbl, ¥ TPOHKH; CKaXKeM,
am = aj = aq. Torna a;, — 1 nenurca Ha ap — a; £ ap, Tak 4TO
HO(a; + am, ap+am + ar) = HOH(a; + am, (ap +am £ ar) — (a; +
+am)) = HOI(a;+am, ap—a;£a,) = HOd(a;+a1, ap—a;£ar) =1
Mo MpenoJoKeHnI0 UHIYKUKH. [lepexon MHAYKUMH J0Ka3aH.

11.2.
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7 TIOCJIeJI0BATEIbHOCTSX PABHO
n
2(n=D+(n=2)+..+0. atay ...ap = (2("_1)/2(11(12 . an> .

CrenoBaTesibHO, NIPOU3BENEHHE UHCEJ XOTS Obl B OJHOH M3 MOCJEN0-
BatesbHocTell He mpeocxoxut 20"/ 2 a9 .. ay,, uto M TpeboBa-
JIOCh.

11 kaacc

. Uucno x TtakoBo, uto obe cymmbl S = sin64x + sin65x u C =

= cos 64+ cos 65 — panroHa bHble gucaa. JlokaKuTe, UTO B OMHOU
M3 3TUX CyMM 00a cjaraeMblxX pallMOHaJbHBbI.

Pemenne. 3amMeTHM. 4TO YHUCIO

S? 4+ C? = (sin? 642 + cos? 64x) + (sin? 65z + cos? 65z)+

+2(sin 64« sin 65 + cos 64z cos 65x) =
=2+ 2cos(65x — 64x) =2+ 2cosx

paLMOHAbHO, OTKYAA COS T — TaKXKe palHOHa/bHOe 4Hucao. Beumy
thopMyJibl cos 2a = 2cosa — 1, Bce unenaa Buga cos 28z Takke pa-
[[MOHAJIbHBI — B UaCTHOCTH, cos 64x. [Tockonbky C' paunoHa bHO, TO
M BTOpOE cjlaraeMoe B 3TOH CyMMe TakxKe palHOHaJ/bHO.

3ameuanne. CiaraeMble B cyMMe S MOTYT OKa3aTbCsl HppalMo-
HaJIbHBIMH, Hampumep, npu x = 27/3.
OcrtpoyrosibHblil paBHOGenpeHHbIH TpeyroabHUK ABC (AB = AC)
BIIHCaH B OKPYXKHOCTb C LeHTpoM B Touke O. Jlyun BO u CO
nepecekaioT ctoporsl AC u AB B Toukax B’ u C’ cooTBETCTBEHHO.
Yepes touky C’ mposenena npsamas £, napasnenbHas npsamoi AC.
Jlokaxure, 4To npsimas ¢ KacaeTcst OKpPy>KHOCTH, ONHCaHHOH OKOJIO
Tpeyronbiuka B'OC. (A. Kysueyos)

Pemenue. [lycts npsamas AO nepecekaer ¢ B Touke T (cwm.
puc. 3). U3 cummerpuu otHocutenbHo AO umeem /B'TO =
= ZC'TO. Tockonbky £ || AC, nonyuaem ZC'TO = ZOAC =
= Z/OCA. Uraxk, ZB'TO = ZB'CO, 10 ectb T Ne:KUT HA OKPY2KHO-
CTH w, OMHMCaHHOK oKosIo Tpeyrombuuka B'OC. Kpome Toro, us tex
xe coobpaxenuit umeem ZOB'T = /OC'T = ZOCA = £0TC’,
10 ectb C'T Kacaercss w B Touke 7.

3ameuanne. MoxHo 3amMeTUThb, UTO O U T — LEHTPBl OKPYXKHO-

(H. Aeaxanos)
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10.4.

XLIII Bcepoccurickass MaTeMaTHUeCKAsl OJIMMIIHAAA IKOJIbHHKOB

Ha npexabiayiieM irare Koctsi He mMor 6paTh KaMeHb U3 3, moaTomy
Wnbsi He 6Gpas kKameHb U3 A, TO €CTh OH MOXKeT B3SiThb KaMeHb OTTyla
Ha TEKYIEeM Ilare.

3ameuanne. Ctparerusi, onvcaHHas B ciaydae 2, TakxkKe pabora-
et, ecau Koctsi cBouM mepBbIM X00M BO3bMET KameHb U3 C.
Ha nocke BbIHCAaHBI B PSif 12 TIOJOKHUTENBHBIX YUCES G, G2, . . . , Up.
Bacs xoueT BBIMMCATh MOA KaXKABIM UYHCJIOM a; YHUCIO b; > a; Tak,
yTOOBl JJIs1 JMIOOBIX ABYX W3 uuces by, bo,...,b, OTHOIIEHHE ONHO-
ro M3 HHUX K JApyromy Obuio neseiM. Jloxkaxkute, uto Bacs moxker
BHITIACATh TpebyeMble YHcaa TakK, YTOOB! BHIOJHSIJIOCH HEPABEHCTBO
biby ... by < 2("_1)/2a1a2 .Gy (D. MMempos)

Pemenne. Mbl nokaxkeM, 4TO CYIIECTBYIOT HaxKe uucaa by, bo,
..., by, ynoBJjeTBopsiolIKe caenyuM (6osee CHIbHBIM) YCAOBHSIM:

(1) b; > a; npu Bcex i < n;

(2) byby...by < 2("_1)/2a1a2 ... Qp;

(3) oTHouleHHe JIOOBIX OBYX H3 4uces b; SIBJSETCS CTeNeHbio
NBOUKH (C LIeJIBIM MMOKa3aTeJseM).

3aMeTHM, YTO JI0Ka3bIBa€MOe YTBEPK/IEeHHE He U3MEHUTCS, eC/H
KaKoe-TO M3 Uhces aj (a ¢ HUIM M COOTBETCTBYMOIIee ) YMHOXKHTD
Ha HEKOTOPYIO CTeleHb JBOHKH. YMHOXHM KaxKjoe W3 uuces aj Ha
CTelneHb NBOHKH TaK, YTOOBI BCE TOJYUYEHHBbIE YHUC/A JIEXKATH B MPO-
MexyTke [1,2).

He ywmansig obuiHocT# MOXKHO cunTtath, 4To 1 < a1 < a9 <
< ... < ap < 2. TlokaxkeMm Temnepb, UTO OfHA W3 CJAEAYIOLIUX 7
MOCJIEIOBATENBbHOCTEH yIOBIETBOPSIET BCEM TPEM YCJOBHUSIM:

at, 2a1, 2a1, 2a1, ..., 2a1, 2ay;
a9, as, 2a9, 2a9, ..., 2a9, 2a9;
ag, ag, as, 2(13, SRR 2&3, 2(13;
Gp—1, Apn—1, Gn—-1, Ap—1, ---, An—1, 2(177,—1;
ana a’l% an7 an7 R an7 Gnp.-

[TockonbKy 115 JIOOBIX k 1 ¢ BEINIOJIHEHO HEPABEHCTBO 2ay = 2 > ay,
KaxJass M3 mocjenoBaTesbHocTell ynossersopsieT (1). Kpome To-
ro, Kaxnias M3 MoCJel0BaTeNbHOCTEH, OYEBUIHO, YIOBIETBOPSIET (3).
Ocranoch nokasaTb, YTO XOTsS Obl OJHA U3 HUX YAOBJIETBOpSET (2).
JIisi 3TOTO 3aMeTHM, UTO MPOU3BENeHHe BceX N’ Yuces BO Beex
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10 kaacc

10.1. Ha koopnuHaTHOH MIOCKOCTH HAPHCOBaHbI rpatMKU JIBYX MPUBENEH-

HBIX KBaJpaTHBIX TPEXUJIEHOB M [Be HemapaJsijiejbHble TpsiMble {1
1 lo. VI3BeCTHO, UTO OTpPE3KH, BbiceKaeMble rpadMkaMu Ha {1, pas-
HBI, U OTPe3KH, BbICEKaeMble Tpadukamu Ha fo, Takxke paBHBI. JloKa-
XKUTE, YTO rpaMKH TPEXUJEHOB COBMAAAIOT.

IlepBoe pemenwme. [lyctb fi(z) U fo(r) — naHHble MpUBeNEH-
Hble KBaJpaTHble TPEXYJjieHbl, a mapadossl I'1 U I'o — UxX rpaduky.
Torza cyllecTByeT eIHHCTBEHHBI BEKTOP @ TAKOH, 4TO NPH Mapas-
JIeJIbHOM TIepeHoce Ha 3TOT BekTop mapabosa I'y mepexomut B I'9
(BeKTOp @ COeMHSET BEpUIMHHI Napadod).

[Iycte nmpamas ¢; nepecekaer I'y B Toukax A; u By, a I'o—
B Toukax Ao W By Tak, uto A;By = AsBs. llpu napasnnenn-
HOM TmepeHoce mapabosel ['; Ha BekTOp m noJsiyyaeTcsi mapa-
6ona I's, siBastomiasics rpaykoM NpHUBeleHHOTO TpéxujeHa f3(z),
KoTopasi mepecekaet {1 B TexX e Toukax, uto u ['9. Torma pas-
HOCTb fo(x) — f3(x) uMeeT xoTsi Obl ABa KOpHs (abcCLHCChl TOUeK
As u B3). Ho, mockosbky cTeneHb MHorouseHa fo(x) — f3(x) He
Boite 1, To fo(x) — f3(x) = 0, o ectb '3 = I'y. 3HauMT, BeKTOP
caura @ = A1 Ag napansenen npamoit /1.

Ananoruuso, @ || £2, Tem campim @ = 0 u 'y = Iy,

Bropoe pemenne. [lycts fi(x) = 22+ pix+q w folz) =
= 22 4 pox + ¢o — NaHHBIE KBaapaTHble Tpéxusensbl, 'y u I'g —ux
rpaguky, a y = kix + by 1 y = kox + by — ypaBHeHHs NPAMBIX {1
U {9 COOTBETCTBEHHO.

3aMeTHM, 4TO AJHHA OTPe3Ka, BhICEKaeMOro mapaboJol § = x2+
+ px + q Ha npsAMoH y = kx + b, paBHa MOIYJIO0 PAa3HOCTH KOpHeH
ypaBHeHust 2 + px + q = kx + b, 1eJEHHOMY Ha KOCHHYC yIJia Ha-
KJIoHa npsimoit y = kx + b. [lpu 3TOM MOmy/ib pa3HOCTHU KOpHEH Mpu-
BeIEHHOTO KBaJPATHOTO TPEXUJIeHA paBeH KOPHIO U3 €ro AUCKPHUMH-
HaHTa. 3HAYUT, yCcJaoBHe Toro, 4yto I'y u 'y BbiceKaloT Ha £ paBHbIE
OTpe3KH, 3aMUChIBaeTCsl Kak

(p1— k1)® = 4(q1 — b1) = (p2 — k1)* — 4(g2 — b1).
[Ipeo6pasyst 3To paBeHCTBO, noaydaeM (p; — p2)(p1 + p2 — 2k1) =
= 4(q1 — q2). Eciu p1 = pa, T0 q1 = qo v 3anava peruena. Muaue

(A. C. I'orosaros)




10.2.

10.3.

XLIII Bcepoccurickass MaTeMaTHUeCKAsl OJIMMIIHAAA IKOJIbHHKOB

o= Pitre 2Aa-a)
2 p1— D2

TouyHO Te ke paccyXIeHHS MOXKHO MPOBECTH W [IJs1 MpsSMON {o.
Hrak, ecau mapaGosibl He coBmajgawTt, To ki = kg, To ectb {1 || 42,
YTO HEBO3MOXKHO T10 YCJIOBHIO.
OctpoyronbHblil paBHOGenpeHHBIH TpeyroibHUK ABC (AB = AC)
BIUCAaH B OKPYXKHOCTb ¢ wUeHTpoM B Touke O. Jlyuu BO u CO
nepecekatoT cToponbl AC u AB B Toukax B’ u C’ cooTBeTCTBEHHO.
Yepes touky C’ mposenena npsamas £, napasnenbHas npamoi AC.
Jlokaxute, 4To npsimas ¢ KacaeTcst OKPy>KHOCTH, ONHCAHHOH OKOJIO
Tpeyronbuuka B'OC. (A. Kysueyos)

Pemenmne. [lyctb npamas AO ne-
pecekaet £ B Touke T (cM. puc. 2). U3
CUMMeTpPUU OTHOcHTebHO AO uMe-
em /B'TO = /C'TO. Tlockonb-
ky £ || AC, nonysaem ZC'TO =
= /0OAC = ZOCA. Urak, /B'TO =
= /B'CO, 10 ectb T Jexur Ha
OKPY?KHOCTH w, ONMMCAHHOH 0KOJIO Tpe-
yroseanka B'OC. Kpome Toro, u3 Tex
xe coobpaxkenuii umeem ZOB'T =
— LOC'T = ZOCA = £0TC', 10 Puc. 2
ects C'T kacaercss w B Touke 7.

3ameuanne. MoxxHO 3aMeTUThb, UTO O U T — LEHTPBl OKPYXKHO-
CTeH, onmMcaHHbIX 0K0J10 Tpeyroabuuka B'C'T w tpaneuwun BCB'C’
COOTBETCTBEHHO.
WsnauanbHo Ha crose Jgexat Tpu Kyukd u3 100, 101 u 102 xam-
Hell cooTBeTcTBeHHO. Mabsg u KocTsi urpaiorT B ClefyIOLLYyIO HUIpY.
3a ofMH X0 KaXKOblH U3 HUX MOXKeT B3siTb ce6e OIMH KaMeHb H3
JI060H Ky4M, KpoMe TOH, M3 KOTOpPOH OH Opaj KaMeHb Ha CBOeM
npenpAylieM Xofe (Ha CBOEM IMEPBOM XOfe KaXKAblH HTPOK MOXKET
6paTh KaMeHb U3 JI060H KyukH). XOAbl HTPOKH [eNaloT 10 OuepeH,
HaunHaeT Mabs. [IpourpeiBaer TOT, KTO HEe MOXKeT cienaTh xon. Kro
M3 UI'POKOB MOXKET BBIUTPaTh, KaK Obl HU HUrpaJs COMEepPHUK?

(/. beaos, H. boedaros, K. Knon)
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Orser. ibs.

Pemenwne. [Toxkaxem, kak Miabe xonuTh, uTOOBI rapaHTHPOBAH-
HO BblUrpaTh. O603HauuM yepes A, B u C KyukH, B KOTOPBIX H3-
HadasapHO Obio 100, 101 u 102 xamHsi cooTBeTcTBeHHO. [lepBHIM
xonoM Miubsi Bo3bMET KaMeHb U3 Kyuku B. Jlasee BO3MOXHBI [Ba
cayydasi.

Cayuaii 1. CBouM nepBbIM X010M KocTs BO3bMET KaMeHb He U3
kyuku B. Torma Wnbs Bcerma OyzneT noBTopsATh Xon 3a Kocreli, To
ecTb OpaTh KaMeHb U3 TOU Ke KYy4KH, U3 KOTOPOH TOJIBKO UTO Opas
Kamenb Kocts. 3ametum, uto, noka Mibsa neficTByer mno atoil crpa-
Terruy, nocJe Ja000r0 ero XoAa B KaXKIOHW KydKe OCTa&Tcsl 4YéTHoe
YUCJIO KaMHeH.

Csoit BTopo# xon Mibs cmoxer cnesnath, Tak Kak Koctsi B3sn
cBOH nepBblil KaMeHb He u3 B. [locse atoro kaxabM xonom Kocts
Oynet 6paTh KaMeHb U3 Ky4kHd X, OTIIMUHON OT KyUKH Y, U3 KOTOPOH
TosbKO 4TOo B3sa1 Habsa. Torma B X ocTaHeTcss Hey€THOE YUCJIO KaM-
He#l, u Mabsg cmoxeT B3saTb U3 X ellé OofHH KaMeHb. 3HAUHT, IeH-
CTBYsl 110 3TOH cTparteruu, Mibs Bcerna cmoxer cresaTb XOA MocJe
xona Kocru. TlockosibKy Hrpa paHo WJ/M MO3AHO 3aKoHUMTCsl, KocTs
NpOUrpaer.

Cayuaii 2. CouMm mnepBeiM XomoM KocTs BO3BMET KaMeHb U3
Kyukd B. B atom cayuae Wibsi Oyner nedcTBOBaTH MO Cjenylolle
crpateruu. Ecau nepen texymum xonoMm HMaeu Koctsa 6pan kameHb
u3s kyuku C, to Wnbs 6epér kamenb ortyna xe. Ecau xe Kocts
6pas KameHb U3 Kyukd A unn B, 1o Nabsa 6epér kaMeHb U3 Ky4KH
B unun A cOOTBETCTBEHHO. 3aMeTHM, uTo, noka WMibs medcTByeT mo
3TOH cTpaTteruu, nocje Jwobdoro ero xona B C Oyner 4éTHOe UHCIO
KaMmHel, a B A u B KaMHel OyieT MOpPOBHY.

OnsaTb Xe, HaM J0CTAaTOYHO MOKa3aTh, 4yTo Mibs Bcerga cmoxer
cles1aTh XOf COrjiacHo 3Toi crparterud. Coit Bropo#t xox Mibs cre-
JaTb cMoxkeT (B3sgB KameHb n3 A). Eciu Ha ouepenHoM miare emy
HY2KHO OpaTb KaMeHb U3 Kydkd C, TO 0 3TOr0 OTTyAa 6paj KaMeHb
KocTsi, 3HaUuT, HA MpenbaAyIIeM X00y o0a Urpoka He Opaju HUUEro
u3 C. Ilpu atom nocne xoma Koctu TaMm HeuéTHOe 4MC/I0 KaMHeH,
nostromy Muabs moxketr B3siTb KameHb u3 C. Ecau xe Mibe HyxXHO
6paTh KaMeHb U3 Kyuku A uau B, ckaxewm, u3 A, to Kocts Tonbko
YTO B35l KaMeHb U3 B (#, 3HauuT, B A ellé ecTb KaMeHb). 3HAUUT,
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